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Abstract 

^Q ■ Canonical description of the D = 10 superstring action involving supertwistor variables 

f-^ . generalizing Penrose-Ferber supertwistors is developed. Primary and secondary con- 

CN ! straints are identified and arranged into the first- and second-class sets. Dirac brackets 

are introduced and the deformation of the Poisson bracket algebra of the first-class 

constraints is studied. The role of the deformation parameter is played by a' . 
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1 Introduction 

Oh' 
^ \ Twistors [Ij and supertwistors [2j are known to find one of the interesting applications 

in describing the models of point-like and extended relativistic objects |3]-[25]. Such (su- 
CN ' per)twistor formulations based on the introduction of commuting spinor variables represent 

a valuable alternative to the conventional (super) space formulation and allow to overcome 
O ■ the problem of handling k— symmetry and streamline the covariant quantization in the case 



Cd 



O 



of (super)particle models. Thus incorporating supertwistors into the string theory could also 
be useful in quest of a solution of the long-standing problem of Green-Schwarz (GS) super- 
O ' string covariant quantization. However, twistor description of (supersymmetric) models of 

^ ■ extended objects attracted much less attention until the twistor strings [26], [27p have been 

proposed in the context of gauge fields/string correspondence. Although twistor string mod- 
els appear to be interesting objects for study and stimulated recent progress in perturbative 
rS \ (super-)Yang-Mills and gravitation [lO] they differ from the GS superstrings. 

C^ ' In recent years the progress in solving the problem of superstring covariant quantization 

was mainly due to Berkovits formalism [H] . Its key ingerdient is the BRST operator involving 
10-dimensional pure spinor field with commuting complex components that plays the role of 
the ghost field for the fermionic constraints of the GS superstring and can also be viewed as 
the half of twistor [H]. The main advantage of the Berkovits approach is the possibility to 
find covariant expressions for the string scattering amplitudes [H] , [13] , [S] . It is worthwhile 
to note that originally pure spinors appeared as the world-sheet superpartners of superspace 
Grassmann coordinates 9°^ in the heterotic string formulation [15], [16] with n = 2 local 
world-sheet supersymmetryij. In the formulation of Refs. [45], [46] pure spinors can also be 
interpreted as the pair of elements from the basis in the auxiliary spinor space extending 
D = 10 N = 1 superspace. An interesting problem of finding the relation between the 
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^See also [28]- [30] and [31]- [39] for other twistor string models corresponding to Ad gauge theories and 
supergravities. 

■^Pure spinors also turned out to be useful in the study of the geometry of superfield constraints in 
super- Yang-Mills and supergravity theories [17] , [15] . 



Berkovits model and the GS superstrings or their classically equivalent reformulations is 
being investigated since the year 2000 (see [19] and references therein). 

Taking into account the above mentioned results that indicate important role played by 
spinors/twistors in the quantum theory of superparticles and superstrings we have started to 
study the twistor formulation for GS superstrings in dimensions D=4,6,10 [SD], [51] aiming 
at getting novel insights into the covariant qunatization problem. Since commuting spinor 
variables, the necessary ingredients of twistors, are absent in the original GS superstring 
action we considered, similarly to the twistor transform procedure for (super)particles, the 
classically equivalent first-order superstring action [52j, where such bosonic spinors form 
the basis in auxiliary space - the space of Lorentz harmonics [53] -[5H]. Note that D = 4 
spinor Lorentz harmonics are nothing but the normalized Newman- Penrose dyad [59]. The 
presence of Lorentz harmonic variables in the Lagrangian allows to realize k— symmetry 
transformations in the irreducible form. In the formulations of [l5], [l6] pure spinors in the 
similar way provide irreducible realization of the part of k— symmetries. Detailed discussion 
of the relation between the superstring formulations involving Lorentz harmonics and those 
with local world-sheet supersymmetry can be found in [5U] . 

The supertwistors appearing after the twistor transform of the first-order action [52] coin- 
cide for the D = 4: case with those introduced by Ferber [2f\ . while in higher dimensions [29] , 
[20] they realize the fundamental representation of the (generalized) superconformal group, 
include spinor harmonics as their projectional parts and the Grassmann-odd components 
of supertwistors are represented by the Lorentz scalars that is attractive feature from the 
perspective of fixing the gauge freedom related to the k— symmetry. In [5U], [51] there was 
found the supertwistor representation for D = 4,6, 10 superstring Lagrangian characterized 
by the nondegenerate kinetic term for the supertwistor components, derived the equations 
of motion, and obtained the supertwistor realization of the k— symmetry transformations. 

Since the superstring Lagrangian after the twistor transform is nonlinear like in the 
space-time formulation and the supertwistors are constrained variables the canonical for- 
malism appears to be the most suitable one for further investigation. That is why here we 
move to the canonical description of the D = 10 superstring model formulated in terms of 
supertwistors. In Section 2 we identify the constraints that arise in the process of transition 
to the Hamiltonian formulation and classify them on the first- and second-class ones. Up to 
that step our consideration can be viewed as the twistor counterpart of the canonical treat- 
ment of Lorentz-harmonic superstring in the superspace formulation [52] . Then in Section 3 
we proceed to propose the basis for the second-class constraints for which the Dirac matrix 
acquires block diagonal structure on the constraint shell, introduce the Dirac brackets (D.B.) 
and evaluate D.B. algebra of the first-class constraints. 

2 Total Hamiltonian and the first-class constraints 

Based of the classification of superconformal algebras in various dimensions [63] it was sug- 
gested in POJ, ^5]J to define D = 10 supertwistor as transforming in the fundamental repre- 



"* Recently alternative to Ferber construction of the supertwistors has been proposed |61j . where only 
conformal superPoincare symmetry is manifest and odd supertwistor components are given by the complex 
Lorentz vectors related to those appearing in the particle and string models with world-line/world-sheet 
supersymmetry. Since superstring Lagrangian, due to the presence of the dimensionful tension parameter, 
is not invariant under conformal transformations it could be of interest to consider its formulation in terms 
of such alternative supertwistors or their higher-dimensional generalizations |62j , |58| . 



sentation of the OSp{32\l) supergroup 

Z^ = {ix'^,v^,r]). (1) 

Thus it is composed of the primary spinor yu" and projectional Va parts that are 16-component 
MW spinors of opposite chirahties and the Grassmann-odd scalar t]. Such definition general- 
izes the basic property of Ferber supertwistors [2] to realize the fundamental representation 
of SU{2, 2\N) locally isomorphic to the A^— extended superconformal group in 4 dimensions. 
Twistor transform for the D = 10 superstring in the formulation with irreducible realization 
of the K— symmetry leads one to consider two sets of the supertwistors 

z^^ = (/^r , v^A, vi), 4' = (/^r ' ^:a' ^D' (2) 

whose projectional parts are identified with the spinor harmonic matrix Va = ('^aA)'^ 4) ^ 
Spin{l, 9) decomposed into two blocks carrying S0{1, 1) indices ± and transforming in the 
spinor representations of Spin{8) A,A= 1, ...,8 in accordance with that the embedding of 
the string world-sheet into the D = 10 space-time spontaneously breaks S0{1, 9) symmetry 
down to S0{1,1) X 5*0(8). The D = 10 generalization of the Penrose-Ferber incidence 
relationqj 

(3) 

involves arbitrary 16 x 16 matrix X"'^ = x'^a^ + z"^^'^^'^^a^^^^^,^ + ^"''•■■™'5-°'^.„m5 that 
contains, except for D = 10 Minkowski coordinates x*", antisymmetric tensor coordinates 
2,mim2m3 ^^^ ^mi...m5 associatcd with tensor generators of OSp{32\l). Since our goal is to 
describe the superstring in D = 10 Minkowski superspace the dependence on such tensor 
coordinates has to be removed by the constraints 



iV+l = Z^+Gae^|+ ^ 0, Njl = Z\-G^^Zl- ^ 0, N^j, = Z^^G^^Z^f ^ 0, (4) 

/ 5i \ 
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where 



-(5^ 



(5) 



Cas — 

V -% ) 
is the 0Sp(^2\X) invariant orthosymplectic metric, and 

The latter constraints involve inverse spinor harmonic matrix 

The first-order action of the D = 10 A^ = 1 superstring reformulated in terms of super- 
twistors ([2]) was found in [51]. For the transition to the canonical formulation it is convenient 
instead of the zweibein e^^(^) and its inverse e'^^^(.^), upon which the action depends non- 
linearly, to introduce world-sheet vector densities p^^ = (a')^/^ee'^^^, e = det{e^) [52] so 
that the superstring action in the twistor formulation acquires the form 

^ = -h\ d^iip'^W + P''^< + ^M.P'-V'^-'') + S^z. (8) 



■"^Such Z) = 10 incidence relations with X"^^ matrix involving solely space-time coordinates x™ contribu- 
tion have been proposed in |58j . 



where Swz is the WZ term in the twistor representation given by 

Swz = § [ d\au+\d) A v'\d) + \u'\d) A ^+\d) - uj\d) A ^'{d)). (9) 



In (E]), (El) ^'^ = (r, cr) are the world-sheet local coordinates, a' is the Regge slope parameter, 
and s = ±1 indicates the arbitrariness in the definition of the WZ part of the action. The 
action depends on the world-sheet projections of the 1-forms 



(10) 



u+\d) = ldZ^+GAi:Z^^, uj-\d) = ldZ^-GAi:Z^-, 
^'(^) = hAAidZA^'^A^Zj- + dZ^~G^^Z^+), 
and also 

y.+2(rf) = IVr^^vl, V-\d) = IV^-^Va^ ^\d) = ^.y^^VvivA + '^VaVD- W 

S0{1,9) covariant differentials of the odd supertwistor components are defined as 






(12) 



where 7^^ are 8d chiral 7- matrices, satisfying the condition 7^^7^^ + (/ ^^ J) = 26^'^6ab, 

Iab = U^aA^Ab ~ ^aa^Ab^ ^^^ ^Ab = U^Aa^ab ~ ^Aa'^ab^ ^^^ ^^^ Spin{8) generators in 
the c and s representations, and contain S0{1, 1) x 5*0(8) split components of the trivial 

5*0(1,9) connection constructed out of the spinor harmonics Va = (V^a^v':) and their 

inverse v?, = {v'^~,v°~^) 

n^'-\d) = \{dv~^vf-dvtAvT). 

^^'\d) = i<^7i^^r, ^-''{d) = \dv-Al'AA<-^ (13) 

^'\d) = l{dv^^li,iv%~ + dv-^^'/^v--^). 

Moving to the canonical formulation we introduce the momenta densities 

— * 

Pm{^,(^) = ^A5„, . = \P(fi)aA^P(f,)aA'P'{v)A'P'{v)A'^A^'^A'P{v)aA^P{v)aA'^f^ J ("^^^ 

conjugate to the string coordinates 

Q'^{r,a) = \f,'X\f^T^<A,v-„vl,V'„vT,vf,p^'^'} (15) 



''A ' ^aA' ^aA' ''^' '/^5 ty^ 5 ^^ 5 ^ J 

on the Poisson brackets (P.B.) 

{Pmia),Q'^ia')} = 5^5ia-a'). (16) 

From the definition of momenta densities conjugate to primary spinor parts of supertwistors 
there follow the constraints 

Ka(^) = pUcA + itiP'^' - ^^^t'KA + ^^il'AA<A - 



and analogously from the definition of momenta densities conjugate to anticommuting su- 
pertwistor components there stem the fermionic constraints that can be presented as 



Da(^) =^a + ib^^'^t' - svt' - ^P^^')Va + ±r{vi - ^^i)l\jri\ 



:i8) 



In the harmonic sector one finds the primary constraints arising from the definition of mo- 
menta conjugate to spinor harmonics v'^^ and v~ ^ 

Tn^) = pt^A + ibi^^v-.' - p-')pT - ^^ilAA^'r + i§^^i{vWv-)vT 

+ 2^ [|^.~'(^ W) + H\Ti''v-) - uj^ivW'T)] l'>%- (19) 

+ 2^ [|^.-'(^ W) + H\Tl''r,~) - ^f (r/+7"^r^-)] 7i4^f (20) 



,[u;t\r,^yr) - u;i{r^Wr,^)]^\vl- ^ 



128a'L""':r VI I '/ 7 ^aVI I 'I J 1 ! aA A 

and their inverse f^~, f""^ 

pJ).a(^)-0, p-)^^(a)^0. (21) 

The momenta densities for p^^"^ also enter the set of primary constraints 

P^\a) ^ 0, (22) 

P,±2(^) ^ 0. (23) 

Besides that 16 x 16 spinor harmonic matrix Va is constrained by 211 relations [58], [52] 

7A 






reducing its contents to 45 independent components equal to the dimension of the Spin(l,9) 
group. Defining relations for the inverse harmonics, when considered as independent degrees 
of freedom, 

also should be treated as constraints, as well as, the twistor constraints (|1]), ([6]). 

It was shown in [52j that the canonical analysis simplifies essentially if one excludes from 
the set of constraints harmonicity conditions fl24|) . fl25l) and appropriate projections of the 
harmonic momenta ( IT9|) -(l2T]). forming on P.B. conjugate pairs of the second-class constraints, 
by introducing corresponding D.B. A suggestive feature of the D.B. is that they coincide with 
the P.B. for the subspace of the phase-space defined by the primary constraints (fT7|l . (TTS!) 
and fl22|) . fl23l) and the projections of harmonic momenta 

M+2-2 (a) = t;+^p;y^ - t;;^^;;;^ - v^pI^^a + ^l%)aA + PTP~i,)aA ' ^TP^aA ^26) 



M^'^ia) = -vlW^^p-^:^^ + vTl'AAPUaA - l^Tl^AAPUaA - ^aI'aa^A ^ 0' (27) 

M-'' (^) = -^/^AaPI^A + ^TIaaPI^^A - ^'T'fAAPMaA " V^^AA^A ^ 0, (28) 

M"(a) = -UvL^'/bP^-^b + ^Ia^'M^s + ^-^ABPUaB + ^T'^'M^).B 
+I^T1abPI,)^B + ^'7lABPt)c.B + ^AlAB^B + ^i7i^^|) ^ 

complementing those that define the D.B. Constraints fl26|) - fl29|) also include the contribu- 
tions of other supertwistor components and their conjugate momenta and coincide with the 
linear combinations of primary constraints (TT7 1) -( l2Tl) 



(29) 



M-'-\a) = vl/rr - vl^Tf - vXvU^A + vTpI,^^ + I^TKa " I^TKa 

+VaDa - Va^a ~ 0' 

M^'^i^) = -lAlL^r + -T%aPU.A - ^^aWaaKa - ^A^AA^A - 0' 

M-'\^) = -v^a'IAaTT + vTi'aaPI-,.A - t^T'fAA^-^A " V-^l^^D^ - 0, 

"A 'AB^aB ' 'lAiAB-B ' 'Ia'AB^b' 



(30) 



+f^AW/BKB + /^r^ii*:. + vw/bDb + r,i',^DX) ^ 



modulo the twistor constraints (jlj), ([6]). These so called covariant momentum densities (126|1 - 
(!29|) satisfy on P.B. the relations of so(l,9) algebra and are the generators of infinitesimal 
local 5*0(1,9) transformations acting on the supertwistor variables. 

Since the twistor formulation is characterized by the presence of twistor constraints (jl]), 
([6]) it is helpful to introduce D.B. that take them into account as well. Considering the 
projections of constraints ([1] 



*S(^) = "^TKb - (i - 5) ^ 0, nl{^) = vTKb -iA^B)^0, 

<^ABi^)=vTKB-''T^^A^O, (31) 

^mi...msf^\ ^y+^mi...nisaP^- , ^- ~mi...msaf3^+ ^Q 
\ J aA PA aA aA 

conjugate to the twistor constraints (jl]), (jH]) on the P.B. 

{*S(^)' ^C>')} = ^(^AD^BC - hc^BD)K^ - ^'), (32) 

{$^|(a), N^lia')} = 2{5ad5bc - 5Ac5BD)5{a - a'), (33) 

{<l>^^(a), N^oia')} = -25ac5bd^{^ " ^0, (34) 

{$™i-™5(a), Ar'^i-"5(^')} = 2(a'"^-'"V"^-"^)(5(a - a'), (35) 

with all other P.B. vanishing in the strong sense, we can introduce the second stage or twistor 
D.B. that in the subspace of the phase-space defined by the projections of constraints (TT7|1 

<|.+2(a) = 2vfpl^^^ + i,(p^+2 - ts^t') ^ 0, 

^'\a) = 2v'X-pl,)^A + W'^ - '^V-/) ^ 0, (36) 

^\-) = --Ti^aaPU^a - -T'^AAPl.^aA - ^^i - 0, 

that complement those of (13T|) as well as so(l, 9) generators (!26!) - (l29|) and primary constraints 
dUD, (I22D, ([23]) coincide with the P.B. 



So we arrive at the following expression for the total Hamiltonian density 
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Ht{r, a) = iq^{u-^ + P--2) + ^(^+2 - P-+2) + a+2$-2 + ^-2^+2 + ^i^i 

+ /+2-2M+2-2 + /+2/M-2^ + r2^M+2^ + /"M" (37) 

as the linear combination of the remaining primary constraints with the bosonic a(o"), &(cr), 
l{a) and fermionic ^{cr) Lagrange multipliers to be determined from the consistency require- 
ment. In the canonical formalism evolution of any function of the phase-space variables is 
defined by its P.B. with the Hamiltonian 

f{Q,P) = {i\'H}, (38) 

where Ti = J daHt{T,a). Following the Dirac method the consistency requirement for the 
constraints is that they are weakly conserved, i.e. their P.B. with the Hamiltonian Ti weakly 
vanislij. In the case under consideration we find that the conservation of constraints P^^ ~ 
yields the pair of secondary ones 

cuf T P^^' ^ 0, (39) 

whereas from the conservation conditions for P^^ ?« we obtain the following equations for 
the Lagrange multipliers 

a+2 = _ip<^+2 ^ ^^+^+^ ^-2 ^ i^.-2 ^ ^^^^-_ (4Q) 

P.B. of M^'^ ^ with 7i weakly vanish, while of M+2-2 ~ q -^jth 7Y weakly vanish provided 
one uses (l40l) . Conservation of the so(l, 9)/(so(l, 1) x so(8)) coset generators M"^^^ ^ 
results in the secondary constraints 

ui ^ (41) 

and the restriction for Lagrange multipliers a^ 

«' = ii(^Vr-e+7V). (42) 

Evaluating P.B. of $^^ ~ and Ti one arrives at the equations 

b-"-' = -d^p''^' - in^'-'p''^' + 2/+2-V^+' + 'iv^via, (43) 

b^-' = -d.p^-' + h^t'-'p"-' - 2l^'-'p^-' + j-D^VaCa, (44) 

while from the conservation conditions for $'^ ^ and tu^ ~ there stem the equations 

P^-'l-"'' + P^^'l-'' = lip-'^f' + p'-^'^f') - f (e^'l^.r - V^vWn, (45) 

p'-'i"-'' - P^^'i-'' = Kp^^-^^r - P'-^'K'') - aei'v^v- - v.vwn- m 

Conservation of the secondary constraint u^"^ — p^^"^ ~ gives another equation for IT^"^ 

Its comparison with fH3|) reveals that either s = — 1 or ,^^ ~ l^aVA- Analogously considering 
the conservation of the secondary constraint uj^"^ + p'^~2 ~ Q we derive another equation for 
6-2 

6-2 = _d^p^-2 + 1^+2-2^.-2 _ 2/+2-2^.-2 ^ IV^^-^^. (48) 



'P.B. of the primary and secondary constraints are given in Appendix A. 



Its compatibility with (jUj) requires either s = 1 or ^J ~ V^ri~-^^. There remain to consider 
the consistency conditions for the fermionic constraints (TT8|) . For D^ ?^ we obtain ^\ = 
— ^-fT^T>fjri\ when s = 1, while in the case s = — 1 no new restrictions on the Lagrange 
multipliers arise. The conservation condition for D^ ^ yields ^^ = — ^t+^^o-??! when 



,CT-2 



s = — 1, but is trivial when s = 1. So we conclude that for s = 1 ^^ = —^-^^V^rj\, while ^ 



„o-+2 



remains undetermined, whereas when s = — 1 .^"^ = —^-^jp^T^aVl^^ but ^'^ is free. 

Upon substitution of the above derived expressions for the Lagrange multipliers back into 
the Hamiltonian density (!37|) it turns into the following linear combination of the first-class 
constraints 

where 

A-4(a) = ^{u:f + r') - i$-^ + d^p;^ - \K'-'P;' + ^n-''M^'^ ^ 0, (50) 

and 

A+4(a) = A+^2) - -k^V^r^XD-A ^ (51) 

are the generators of the reparametrizationqj. In (I5T!) we introduced the following combina- 
tions of the primary and secondary constraints 

5:^(^) =Da + t,v\<^-' - t^^AArA^' - W^^AA^<^V-^M-'^ ^ 0. (53) 

Constraints (1521) and (15UI) are the particular cases corresponding to A; = 1 and k = —1 
respectively of the more general constraints 

Af (^) = 2^(^r - P'^') + 1^^' + d.Pr + l^f-'P^ + 2^^t''M-'^ ^ 0, (54) 
and 

A.-^(^) = ^{u^-' + r') + 1^-' + d.p-' - '^nr-'p-' + j^n-'^M^'^ ^ (55) 

to be used below. Other bosonic first class-constraints 

M+2-2 = M+2-2 + 2p^+^p-'^ - 2p^"2p+2 ^ (56) 

and (l29l) generate S0{1, 1) x S0{8) gauge transformations. 8 fermionic first-class constraints 

^1 = ^A + i^^A^^' - Te'fAAVl^' - s^'fAA'^'^vlM-^' - i^.^^^.^^ - (57) 

are responsible for the k— symmetry. 
When s = —1 we get 

Ht ,=_! = p'^+^A^l^) + p"-'A+2^ + /+2-2]^+2-2 ^ lU^IJ ^ ^a+2p^2 ^ ^a^2 p+2 ^ ^+^/- ^ q^ 

(58) 
where 

A-4 = A-4 - ^V^r^.D'^ ^ 0. (59) 



^In the above expressions and in what follows lower ± indices in brackets of A^, indicate the sign of the 
$^^ w constraint contribution and should not be confused with the 5*0(1, 1) indices. 



In f l59p the second-class constraints D'^ ^ are defined as 

^'1 = D^A + T.Va^^' - MaVI^' + WT^1aaT^^v\M^'' ^ 0, (60) 

whereas the generators of the k— symmetry equal 

D'^{a) =D^ + ^r^+<|.-2 - ^.^^^Va^' + ^I'^A^^ .rj,M^'' + \V^r,\P;^ ^ 0. (61) 

In what follows for definiteness we concentrate on exploring the s = 1 case. 

Now consider the canonical form of the irreducible k— symmetry transformations gener- 
ated on P.B. by the fermionic first-class constraints (IS7|) according to the rule 

5J{r,a) = [jda'K-.{a')bl{a')j]. (62) 

Straightforward calculation yields that the supertwistor components transform as 

^./^r = K^A^i + l('^"7V)7L)^^r + i{^^~A% + v'b + ¥AB{^'r))vt. (63) 
^./i^ = w^i^~l''^^n^hAA^'T + U^'i'^'-Waa^T + hnl^l^^t^ (65) 

5>^<a{v\) = W^i^^'l'T^^V^WAA^lA^rA)- (66) 

We note that the 2d covariant form of the k— symmetry transformations derived in the 



framework of the Lagrangian approach [51] reduces to the above expressions provided one 
replaces all the r-derivatives of the coordinates using their equations of motion. 

3 The second-class constraints and Dirac brackets 

The twistor realization of the 33 bosonic and 8 fermionic first-class constraints by which the 
D = IQ superstring in the twistor formulation is characterized has been exhibited above. 
The remaining primary and secondary constraints are of the second class. They can be 
classified according to their grading and the S'0(8) representation. 4 vector constraints are 
represented by (|27|) . fl28l) and 



A^.(^) = i^ui + W - fi^p-^ - fi-^P+2 - \^i^ [^) - \&i-^ (5±^) ^ 0, (67) 

where ^l^ = S^'^d^ — fi^'^ is the world-sheet projected so{8) covariant differential. 4 scalar 
constraints can be chosen as fl22|) and ^t\ ~ 0, ^7^) ~ defined in fl54|) . fl55|) . Finally there 
are 8 fermionic second-class constraints 053p . 

In the canonical approach one of the possible options to take into account the second-class 
constraints is to introduce D.B. 

{f{cr),9icT')}n.B. = {ficr),g{a')} - {/(a), XmjC-^nXn, ^(^0), (68) 

where Xm denotes the set of the second-class constraints and C"^"^" is inverse to the Dirac 
matrix 

CU^,a') = {xmicr),Xnicx')}. (69) 

For the above choice of the second-class constraints set the Dirac matrix acquires the form 



where J^n is the block-diagonal graded antisymmetric matrix and A^n depends linearly on 
the constraints^. Explicitly Jmn reads 



a'J 





M+2J 
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^5^s 



5(a-a') 



Then the inverse to the Dirac matrix fjTOl) is given by 

C"^ = (/ + J-^A)J-^ 
and can be expanded as the series 

C"^ = J-^ - J-^A J-^ + J-^A J-^A J-^ - J-^A J-^A J-^AJ-^ 



+ 



(71) 
(72) 

(73) 



Since J is proportional to («') ^ ^"^^ its inverse depends on a' the inverse Dirac matrix is pre- 
sented as the series in a'U- Expansion ( 1731) suggests that we can evaluate C~^ perturbatively 
with the leading contribution determined by J~^ and the D.B. acquire the form 

{/(^),^(^0KB. = {/W,^(^0}-4.«7^;,^{/(a),5:^(O}{5;^(O,^K)} 

-T/7^({/(^)'^^''K)}{A[_)(0,^(a')}-{/(a),A{_)(a'')}{M+2^(0,^K)}) 
+ Y/^^^({/(^)'^"''(O}{A;+)(O,^(^0}-{/M,A;+)K)}{M-2^(O,^(a')}) 

+a'/rfa"({/(a),Ag(0}{P-^(a"),^(a')}-{/(^),Pr'(0}{A+V^"),^K)}) 



-a' J da"i{fia),Al^^ia")}{Pr^Hcr"),9ia')} - {/(a), P+^(a")}{A-^2)(a"), <7(a')}) + ©(J-^) 

(74) 
Expressions ( l68l) and ( 17il) can be used to evaluate the D.B. relations of the superstring 
phase-space variables. So for the two sets of supertwistors ([2]) associated with the world-sheet 
light-like directions we get 

{Z^(a), Z|+(a')}z,.B. = ^Di^,D^^^.6{a - a') 



+2#-7i,7L(^r ^r - ^r^r )^(- - -o 



(75) 



+ #-^7^..^ 



/ yA- 
AA^A 



(ct)7 



BB ^ 



-2^Zl-{a)6ia-a'))+Oia''), 



{Zri-)^Z^-i^')}n.B. = m^D^-^Dl-M- 



B 



' 2p 

a' X.I vAH 
2p-+-^^AA^A 



r + 'il AaI 



xvrz 



p' -" ~ AC BC 

S+ vA+taS- 



a' 



AA'Pi^v'A -B -^r^rM«^-o 



(76) 



ll/J 



((t)7-^ &^ 

^ > 'bb ^ V p 



,T+2^B 



-(a)(5(a-(T'))+0(«'2)^ 



^Expressions for the P.B. of the second-class constraints are given in Appendix B. 

^Note, however, that some entries of A have imphcit dependence on {a')^^ through constraints ((54|) . (|55|) 
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as well as 

{Z^(a), Zl-{a')}o.B. = p.D^cDlJS{a - a') 

where the inverse spinor harmonic matrix components have been promoted to supertwistors 

V^~ = (f^~, 0, 0), Vj^"*" = {v°^ 1 0, 0) and the following quantities have been introduced 

m^ABVc - ^ACVt + ^BCVAWt + ^AbJ"", J^ = (0, 0, 1), 

{D'A-),Z^-{a')} = D\p{a-a% D^J = -D^- = -^.{SabV-.-WaaVa^b)^'- (79) 

To the first order in a' supertwistors also satisfy nonzero D.B. relations with the world-sheet 
densities 

M, P^-'(<j')\n^R. = a'VtSia - a') - ^^Qz^'li .Z'^Sia - a') + 0(a''), 

(80) 



{Zma),p^-\a')}n.B. = a'V^Sia - a') - j^n-'^l'^^Z^Sia - a') + 0{a'^) 



{Z\-{<y),p^^\a')}j,,s. = a'V^^Sia - a') + ^fi+2/~/^Zl+<5(a - a') + 0{a'^) 

D.B. deformation of P.B. relations for the phase-space variables results in the deformation 
of the first-class constraint algebra. For the k— symmetry generators (1571) one obtains 

{5+(a), bl{o')}o.B. = l5j,^A^l^5{a - a') 

- iep^4p^-^r 'fAA^'^vifi^'D.vtM''^l')5ia - a') (81) 

+ 1^r+^(^)^i'r+-^(^)5(^ - ^') + 0{J-'), 

where F^ = — ^ ^+1 ^_^ 7'^ Pg-?7^(|(5'^''^M"'"^"^ + M^^). The first term on the r.h.s. propor- 
tional to the reparametrization generator (ISTj) is the P.B. contribution, while the terms con- 
taining products of so(l, 1), so(8) generators and the reparametrization generator (1501) corre- 
spond to the deformation. The D.B. of the /t— symmetry and corresponding reparametriza- 
tion generators have the form 

ia' ;rJ T^ ^+ ( A +21 



{A+,2)(a),D+ 


y)}D.B 


where 


4+2/ _ 1 


i'D.V^l 



l\^V^vl {a-^'' - \V.vWD^) A(iy(a - a') 






(83) 

Observe that equal to zero P.B. contribution becomes supplemented by the terms quadratic 
in the first-class constraints. At the same time at the lowest order in J~^ D.B. of the 
K— symmetry generators and the reparametrization generator ( l50l) coincide with the P.B. 

{A-4(a),5+(a')}z,.B. = ^T\'nf^6{a-a') + 0{J-') = -l^\j:)^r^\B-''6{a-a') + 0{J-% 

_ (84) 

where B~'^^ = ^,^.2 r-2 [\6^'^ M^'^^'^ + M^-^\ Vt^"^-^ . Equal to zero diagonal P.B. relations of 

the reparametrization generators on transition to D.B. receive contributions quadratic in 
so(l, 1) and so(8) generators 

{A+4(a), A+4(a')}z,.B. = -iA^'\aWjA^'\a)5{a - a') + 0{J-% (85) 

11 



{A-4(a), A-4 (a') }!..,.. = iB-'\aWjB-^\a)5{a - a') + 0(7"^), (86) 

while that of different reparametrization generators at the lowest order in J~^ become de- 
formed by the terms proportional to the product of the reparametrization generator (1501) 
with the generators of the k— symmetry and so(l, 1), so(8) generators 



a') 



-2 



- I [^f ' (1 + #^^r-)) + i^ii^<.vwv.^-) (1 + p.^ 

(87) 
P.B. of the so(l, 1) and so(8) generators fl56l) . fl29l) and the second-class constraints are 
determined by their properties under the 5*0(1, 1) x 5*0(8) transformations and hence are 
proportional to the second-class constraints. So that the D.B. involving M"*"^"^ ^ and/or 
M^'^ ^ are equal to corresponding P.B. 

4 Conclusion 

The present paper investiges the canonical approach application to the D = 10 super- 
string first-order action involving spinor harmonics and formulated in terms of supertwistor 
variables generalizing Penrose-Ferber ones. We have identified the primary and secondary 
constraints on the supertwistors and conjugate momenta, analyzed their consistency and as 
a result obtained the set of the first-class constraints that includes twistor realizations of 
the reparametrization, 50(1, 1) x 50(8) gauge symmetry and k— symmetry generators. The 
superstring model is also characterized by the second-class constraints that can be taken into 
account by constructing D.B. To this end we have chosen the basis in the space of the second- 
class constraints such that the Dirac matrix acquires the form of the sum of block-diagonal 
graded antisymmetric matrix J proportional to («')~^ ^^"^ ^^e one linear in the constraints. 
So the D.B. can be evaluated perturbatively as the series in J~^. Introduction of D.B. leads 
to the deformation of the first-class constraint algebra, the deformation parameter can be 
identified with a'. We have explicitly found the D.B. deformation of the first-class constraint 
algebra up to terms quadratic in the constraints although it can be calculated to any order 
in J~^. One could expect some simplification of the expression for D.B. by choosing such 
representation for the second-class constraints for which the Dirac matrix becomes strongly 
equal to J. This, however, requires addition to the obtained second-class constraints of the 
terms containing higher powers of the constraints to compensate weakly vanishing contribu- 
tions to their P.B. Another way to handle the second-class constraints is to bring them by 
canonical transformation to the special forno and then solve with respect to the subset of 
the canonically conjugate variables equal in number to the second-class constraints |B1]. Al- 
ternative mode could be to consider the covariant supertwistor analogue of the semilightcone 
gauge approach to the GS superstring quantization [65]. Its examination for the superstring 
in the twistor formulation has been initiated in [66] on the example of the D = 4 model. All 
these possibilities are under consideration. 



-"^^Note that the conjugate pairs of the second-class constraints (P^^, A^t^s) are already brought to the 



special form. 
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A P.B. relations of the primary and secondary con- 
straints 



Fermionic constraints (TT8I) satisfy the following nonzero P.B. relations between themselves 

{D+(a),D+K)} = ^5^^{isut'-^p-^'-svt'na-a'), (88) 

{D-^{a), Dlia')} = ^I'^^U - ^^Mcr - a') 

and with the ^-constraints flT7|) 

{D;,(a), $+2(^0} = i^V^vlSia - a'), {D-^ia), $^(a')} = i^Y^^V^vjH^ - a'), 

cr— components of the world-sheet projections of u 1-forms that enter the secondary con- 
straints (!39l) . (14T|) satisfy the P.B. relations with the fermionic constraints 



{D^ia),ujiia')} = -^^^^JY.^-(a)6ia - a') + Hl^.V^r, + WaK'')5{^ " ^') 



16 lAA'A 

16-^fT' Ua''A^"^"^" " ' ' 8V'AA^'^''A ' 2' 

{D^^ia),co-\a')} = |r/T(a)(9. + |fir-^)5(a - a') + |(P.r/T + iy^^vl^-'^)5{cr - a'), 

{D+^{a),uji{a')} = -t.^i^li^vli^na - a') + ^il^^.v! + h^^D^l^ - ^'), 

(90) 
and with the ^-constraints 

{^^\a\ujr{o')] = -2{d. ± lnt'-')6{a - a'), 

The P.B. of so(l,l) and so(l, 9)/(so(l, 1) x so{8)) coset generators ([26])-([28D with the 
fermionic constraints equal 

{M+2-2(a), D-^{a')} = -{D~^ + ^r/l)<5(a - a'), 
{M+2-2(a), m(a')} = (/^+ + ^r/l)5(a - a'), 



A ' 8a' 'lA' 

{M^^\a),D-^{a')} = T^^Pl + ^^^)5(^ " ^'), 

{M^'\a),DXia')} = 'i^l'^^vl^ia - a'), 

{M-'\a),D2ia')} = ^^l^^^lK^ " ^'), 

{M'^\o\ D+(a')} = l\^{D-^ + ^r^l)5(a - a') 



(92) 
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while with the ^-constraints read 

{M±2^(a), <I>T2(^/)} = -2<l>^(5(cr - a'), 



(93) 



Finally the P.B. of the so(l, 1) and so(l, 9)/(so(l, 1) x so(8)) generators and the 
cr— components of uj l-forms are given by 



{M^^'{a),uji{a')} = -5"cu±25((T - a'). 



(94) 



R.h.s. of the P.B. of 5*0(8) generators M^"^ ^ with the fermionic constraints, ^-constraints 
and the a— components of cu l-forms are defined by their transformation properties under the 
5*0(8) transformations and exhibit no "anomalous" contributions as opposed to the above 
given P.B. 



B P.B. relations of the second-class constraints 

P.B. of the 50(8) vector constraints fl27j) . fl28|) and fl67|) are given by 
{Ai{a),Ai,{a')} = 



^ W + ^K)) ^i'S{a - a') + (^{a) + ^{a'] 



+ 
+ 



1 f M+2^ 
1 /M+a-ff 



M 



-2K 



p'-^ 

M-2^ 



IJ; 



^i^6{a - a') 



^a 



r,r+2 



n, 



-2K 



„r + 2 



cr 



WJK 



a — a 



{a')^^-^6{a-a'] 



+ i(^i^5 



n-r + 2 „r-: 



},IK o^JL M'- 



{M+2^(a),A,^(a')} 



-'ct' pT+2pT-2 

(fc~l)p^+^ 



Ji^^/L) 



[a)5(a - a') 



(a)5(a - a') 

(95) 



\^S'-'6{a - a') - 2,5^-^Af ,5(a - a') 

a)&i^6{G - g') 



+ 



A/+2-2 _ (p"+^P^-^+p"-^P+^) 

2p^-2 p^-2 

Ifj^IJj^KL __ ^IK^JL\ ( M+'^'^ _ M-2^ 



J/'^'^ 



{M-2^(a),A,^(a')} 



(fc+i)p"~ 

M+2-2 



fif ^<5(a - a') 



2p 



T + 2 



5^^5((7 - a') - 25^^A^"5((7 - a' 

(pr+2p-2^p.-2p+2) 



+ 



a)^^^<5((T-(T') 



+ ^/,^Mi5(^)5(^_^') 



Af- 



oT+2 



fi;'^5(a - a') 



(96) 



(97) 
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P.B. of the constraints (1571) and constraints ([S5D, flMj) . 



equal 



{Ai(a), A-^^{a')} = n-J%6{a - a') + \&i\\6-^ ^ M^^-^ + M-^^^^Sia - a') 



(a)(5(a-a'), 












(98) 



{A^(a), A+4K)} = fir^5(a - a') + i^,"(-i5^^M+2-^ + M^^)J^^5{a - a') 



"T" 4-^0- rtT- 



2Af_) + 



{Ai(a),P,±2(a')} 



nr+2 



1 ^/J MT2 



P' 
Af-2^" 

„r-2 



2 + ^^ 



{a)5{a-a'), 






-b(o -a'). 



(99) 
(100) 



2-^0- (p^T2)2> 

so(l, 9)/(so(l, 1) X so(8)) coset generators satisfy the following P.B. with the scalar second- 
class constraints 



{M+-(a),Ar(0} 



{M--(a),A,-^(a')} 



p-^ 



5"(iM+2-2 



-p^+^p-^)-M^^ fif-^5(a-a'), 



)+2Ji 



5^-^(|M+2-2 + pr-2p+2) 



M 



/J 



fi;^^<5(a-a'), 



Ai + fi-^^P^ 



-2/p+2 I 1 fc^IJ ( M+'^J I M-'^J 



'ry' I "p^+^ + 'y^ 



b[o - o') 



+ (^i^ + ifi+2~25")M;^(a)<5(a-a'), 



{M-^\a\AX\a')} 



p^+2 "^ p^ 



^))]^(---') 



- Ai + fif ^p-2 + i 

+(^i-^-|fir-2<5")5±^(a)5(a-a'). 
Scalar second-class constraints are characterized by the P.B. relations 

{A-'{a), A,^{a')} = ^^n-'^^^6ia - a% 
{Af (a), At^a')} = f^^fif^ «l>^5(a - a'), 

{At\a),A,^{a')} = ^^^^.n-''^t''{¥'M+''' + M^J)5{a - a'), 
{Af4(a),P,^2(a')}= ±^5{a-a'), 
{Ag(a),P±2(a')} = .^nt'^M^^^5{a - a'). 
Fermionic second-class constraints (135]) satisfy P.B. relations among themselves 



(101) 
(102) 

(103) 
(104) 



(105) 



{Dl{a),Dl{a')} 



Ip' 



-2 



+ I^. 



4a 
in-2/ / Af-2/ 



A 



-2 

(+) 



5.P; 



-2 ,.lfi+2-2p-2 



A/^ 



„T + 2 



5(a-a'), 



(106) 



and with bosonic second-class constraints 

{5-(a), Ai{a')} = ^^^^ V^^-^Af6{a - a') 



+ 



+ 



16p^- 



fi;2V,I).r^T + fi;2jy p^^ 



AA' 



M-2J j^+2J 



-5^U(a-a') 



7,IJ 



1 ^,^ 






l^Ji^^+2-2 _ ^JK ^ ^K^V^^^ 



+ ^^^rk^V^v+M- 



-2J 



-p-2 



■S^^I^^'^^A^^ 



(a)5(a - a') 



(107) 
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(108) 
(109) 



{D^{a), Af (a')} = '^V^r^^dia - a') + ^I'^p.^j, [K + ^t'' Pr' 
+ R"(5^-5^)]5(a-a'), 
{D^ia), P^+^a')} = -s(;^lAA'^^V-^M-'^Sia - a'). (110) 
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